We propose an effective Hamiltonian approach to investigate decoherence of a quantum system in a nonMarkovian reservoir, naturally imposing the complete positivity on the reduced dynamics of the system. The formalism is based on the notion of an effective reservoir, i.e., certain collective degrees of freedom in the reservoir that are responsible for the decoherence. As examples for completely positive decoherence, we present three typical decoherence processes for a qubit such as dephasing, depolarizing, and amplitude damping. The effects of the non-Markovian decoherence are compared to the Markovian decoherence.
I. INTRODUCTION
An open quantum system has been extensively studied for potential applications to quantum computation and quantum information processing [1] [2] [3] [4] . Through the interaction with a reservoir a quantum system loses its coherent information. This is a so-called decoherence process [5] . Decoherence has been regarded as a critical obstacle against quantum information processing. However, as the notion of "reservoir engineering" has been suggested for laser cooled trapped ions [6] , the studies on the decoherence have moved to control it in laboratories instead of suffering from it [7] . Many of these studies have been based on Markovian reservoirs [8] . A Markovian reservoir is characterized by two essential properties: (a) weak coupling with a system by which Born approximation is validated and (b) rapid relaxation time such that the information of the system is diffused over the reservoir in a rather short time compared to the time scale in which the system changes. In the perspective of engineering a reservoir, it is desirable to study the decoherence caused through a non-Markovian reservoir. It is strongly believed that a solid-state realization of quantum information processing may be extremely useful [9] . The decoherence phenomena for solid state systems including a photonic band gap material and a quantum dot cannot always be understood under the Markovian assumption [10] . The evolution of a singlemode atomic cavity in a non-Markovian reservoir has been studied for an atom laser [11] .
A non-Markovian reservoir has "memory effects" such that it preserves the coherent information of the system within its relaxation time. In order to analyze how many operations can be performed by preserving the coherent information of the system, one may consider three types of characteristic times: operation time o for a single quantum operation on the system, decoherence time d due to the interaction between the system and the reservoir, and the relaxation time r within the reservoir. When a quantum system decoheres in a Markovian reservoir with r Ӷ d , the time correlation of fluctuations in the reservoir is neglected. However, in a non-Markovian reservoir with r comparable to d , it is expected that the time correlation between fluctuations during the time interval ⌬ Շ r raises a correlated influence on the system. Once perturbed by the system, the reservoir may memorize a part of the system's information during r [12, 13] . This memorized information will be fed back to the system at another perturbation within r . It is expected that the correlated influence significantly suppresses the decoherence of the system [14] . An extremal example for the memory effects by a non-Markovian reservoir is that two atoms, which are prepared initially in a product state, come to be in an entangled state through the interaction with a common thermal reservoir [15, 16] . In Ref. [15] , the reservoir consists of a single-mode field with no relaxation, r → ϱ. It is desirable to study decoherence processes by bridging the gap between the two limiting cases of r / d → 0 and r / d → ϱ.
Dynamics of an open system may be obtained from a quantum Liouville equation of the total system that consists of the system and the reservoir [5, 8] . The reduced density operator of the system needs to be positive at all times. The positivity does not need to be altered by the presence of any other system, in other words, the reduced density operator of the system needs to be completely positive if the system and the reservoir are initially uncorrelated [17] [18] [19] . The complete positivity was intensively discussed for a Markovian reservoir [20] . For a non-Markovian reservoir, it was discussed for a master equation derived by using an operator sum representation with coarse-graining approximation [21] . A random telegraph signal model was studied for a system in a non-Markovian reservoir [22] . However the complete positivity of the system density operator in a non-Markovian reservoir is still an important problem to be unraveled.
In this paper, we propose an effective Hamiltonian approach to investigate the decoherence of a quantum system in a non-Markovian reservoir. Instead of deriving a nonMarkovian master equation, the formalism is based on the notion of an effective reservoir, i.e., certain collective degrees of freedom in the reservoir that is responsible for the decoherence. We show that the reduced dynamics of the open system is completely positive and the complete positivity is naturally imposed from the effective Hamiltonian approach. As examples for completely positive decoherence, we present three typical decoherence processes for a qubit such as dephasing, depolarizing, and amplitude damping. The effects of the non-Markovian decoherence are compared to the Markovian decoherence.
II. EFFECTIVE ENVIRONMENT
Dynamics of an open quantum system has commonly been investigated by a master equation for the density operator or a Fokker-Planck equation for the quasiprobability function such as a Wigner function [8] . It is however difficult to derive a completely positive master equation for a system interacting with a general non-Markovian reservoir. We suggest an effective Hamiltonian approach by introducing the notion of "effective variables" in the environment. It will be shown that the large (normally infinite) number of environmental degrees of freedom, which we call "environmental variables," is reductive into a small number of effective environmental variables in the sense that both cases result in the same master (or Fokker-Planck) equation for the system. For instance, a Markovian thermal environment is reductive into a collective single-mode boson field in a thermal state [23] .
The property of being reductive into the small effective environmental variables, that leads to the correct and equivalent description of the reduced dynamics for a system, is predicted by two observations. First, at a given time , the density operator of the system S can always be purified to a pure state ͉͘ of a larger composite system consisting of the system S and an ancillary system R, such that is obtained by tracing the pure state over the ancillary system, i.e., =Tr R ͉͘ SR ͉͗. For the purification, an ancillary system is required to have its Hilbert space larger than or equal to that of the system [1] : For instance, a qubit may suffice for the ancillary system if the system is a qubit. The composite system S + R provides all physical descriptions relating to the system and the ancillary system is called effective variable(s), which is in effect certain collective degrees of freedom, of the environment at the given time . Second, the effective variables may be dynamic over the whole environmental variables as the interaction time passes. On the other hand, the dynamics of the effective variables can be absorbed by time-dependent coupling constants while keeping the effective variables stationary. The set of the timedependent coupling constants and the effective variables contains all the information of the environment that governs the decoherence of the system. We call this set an effective environment.
Suppose Ĥ int ͑͒ is an interaction Hamiltonian between a system S and an effective environment R. We write the interaction Hamiltonian Ĥ int ͑͒, in the interaction picture, in the form of
where Ŝ ␣ is a Hermitian operator for the system S and D ␣ ͑͒ = ͚ ␤ ␣␤ ͑͒R ␤ with Hermitian operator R ␤ is for the effective environment R. The unit of ប = 1 is used throughout the paper. Here, the time-dependent coupling constant ␣␤ ͑͒ is a Hermitian matrix. The composite system S + R is assumed initially in a product state:
The effective environment R consists of collective degrees of freedom in the environment E [23] . Its initial state R ͑0͒ is not necessarily a thermal state even when the real environment is thermal. The Hilbert space of the effective environment and the time-dependent interaction Hamiltonian Ĥ int ͑͒ are determined such that they result in the correct reduced dynamics of the system. Once the effective environment is determined, one may consider and solve the quantum Liouville equation for the composite system:
The evolution operator is now given as
where T is the time-ordering operator. The total system is described by the density operator
and the reduced density operator of S is given by partially tracing the total density operator over R:
Letting ͕͉n͖͘ be the orthonormal basis set of R that diagonalizes R ͑0͒ = ͚ n p n ͉n͘ R ͗n͉, the reduced dynamics of the system is described by a Kraus representation (or operator sum representation) [18] :
where K nm ͑͒= R ͗n͉Û int ͉͑͒m͘ R ͱ p m . Note that the superoperator S is a linear operator in the Hilbert-Schmidt space of density operators. Calligraphic letters are used for superoperators on the Hilbert-Schmidt space throughout the paper. It is remarkable that the existence of the Kraus representation ͓K nm ͔͑͒ directly implies the complete positivity of the evolution superoperator S͑͒ [18] . This fact was already guaranteed since the Hamiltonian formalism was adopted in the present approach of effective environment. This approach is applicable to the system decohering in a non-Markovian as well as a Markovian environment. The present approach of effective environment has several advantages in describing the reduced dynamics of a system. First, it provides the equivalent description, similar to the master equation. Second, and most important, it guarantees the complete positivity in a general environment like a nonMarkovian environment. Last, it enables the analysis of the structure for effective variables, in a given environment, that are directly responsible for the decoherence.
III. QUBIT SYSTEMS
We will present typical decoherence of a qubit system in Markovian and non-Markovian environments in the approach of an effective environment. In addition, we investigate the structure of an effective environment: (a) the environmental variables that play a role in the respective decoherence, (b) the coupling constants between the system and the effective environment, and (c) the initial quantum states of the effective environment.
We will first consider a dephasing process by assuming one-qubit effective environment and the interaction Hamiltonian given as
where ␣ is a Pauli spin operator and ⌫͑͒ = ͐ 0 dЈ␥͑Ј͒. Here, the decoherence rate ␥͑͒ is assumed by
where =1/ d with the decoherence time d , and r is a relaxation time (or memory time) in which the injected information is diffused over the environment. In the Markovian limit of r Ӷ d , ␥͑͒ → / 4. The decoherence rate ␥͑͒ in Eq. (10) may be regarded as the first extension from Markovian to non-Markovian decoherence [14] . The initial states of the system and the one-qubit effective environment can be written as
where 1 is an identity operator, s = ͑s x , s y , s z ͒ a Bloch vector of the system qubit, r = ͑r x , r y , r z ͒ that of the one-qubit environment, and = ͑ x , y , z ͒. The initial state of the effective environment, r = ͑r x , r y ,0͒, is unpolarized along the z axis while it may be polarized on the x − y plane for the dephasing process. Let us consider the reduced dynamics of the system. Applying Eqs. (8) and (9) to Eqs. (4)- (6), we obtain the reduced dynamics in terms of its Bloch vector:
The dynamics of the dephasing process is characterized by the decay function exp͓−4⌫͔͑͒. The decay function may be regarded as a fringe visibility on the quantum interference for a given time . The decay function is obtained from Eq.
In the limit of no memory, r → 0, the dephasing process is Markovian with the decay function, exp͓−4⌫͔͑͒ = exp͑−͒. When the environment keeps the information of the system within the memory time r , the loss of the coherent information is suppressed in comparison to the Markovian case as present in Fig. 1 . This fact can be clearly seen through the decoherence rate in Eq. (10) for a given memory time r . The decoherence rate is /4 if r → 0 and it is reduced by increasing the memory time r . Similar analysis can be applied to depolarizing or amplitude-damping process for a qubit. For this purpose, the interaction Hamiltonian is assumed to be
where ͑͒ is given by Eq. (9) and g ␣␤ is a real coupling matrix which determines the type of decoherence. The initial states of the system and the one-qubit effective environment are given by their Bloch vectors s and r, similar to Eqs. (11) and (12) . The coupling matrix g ␣␤ and the initial state r of the effective environment are summarized in Table I . It is interesting to note the initial state of the effective environment for each process. The initial state is completely random with r = ͑0,0,0͒ for the depolarizing process and it is polarized along the z axis for the amplitude-damping process. The reduce dynamics of the qubit is described in terms of the time dependence of its Bloch vector s͑͒. For the depolarizing process, the time-dependent Bloch vector is given by s pol ͑͒ = s exp͓− 8⌫͔͑͒.
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For the amplitude damping process, it is given by ͓s amp ͔͑͒ x = s x exp͓− 4⌫͔͑͒,
It is well known that a system slowly decoheres in a nonMarkovian environment due to the memory effects. However, we stress that the result should be derived from the completely positive reduced dynamics and our analysis of the effective Hamiltonian approach strongly supports the result. In summary, the effective Hamiltonian approach was proposed to investigate the non-Markovian decoherence of an open system and further to understand the characteristics of its environment. The formalism is based on the notion of an effective environment, i.e., certain collective degrees of freedom in the environment that are responsible for the decoherence. The present approach naturally imposes the complete positivity on the reduced dynamics for the system. We applied the approach to the dephasing, depolarizing, and amplitude-damping processes. It was found that the nonMarkovian environment suppresses the decoherence of the qubit, due to the memory effect of the non-Markovian environment. 
